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F:L?F:LBQ?KD:Y FH>?EV NHJFHBAF?G?GBY LJM;U

IJB IJHD:LD? G: IBEB=JBFH<HF IJHD:LGHF KL:G?

F.B. =hafZg

:H «<ukhdhl_ogheh]bq_kdbc gZmqgh-bkke_^h\Zl_evkdbc bgklblml

g_hj]Zgbq_kdbo fZl_jbZeh\ bf_gb ZdZ^_fbdZ :.:. ;hq\ZjZ», Fhkd\Z

< jZ[hl_ ij_^klZ\e_gZ fZl_fZlbq_kdZy (ihemZgZeblbq_kdZy) fh^_ev

nhjfhbaf_g_gby ljm[u ijb ijhdZld_ gZ ibeb]jbfh\hf ijhdZlghf klZg_,

dhjj_dlgh mqblu\ZxsZy g_k`bfZ_fhklv f_lZeeZ. < jZfdZo fh^_eb ljm[Z

jZkkfZljb\Z_lky dZd khklhysZy ba q_lujzo mqZkldh\, dhlhju_ ih-jZaghfm

dhglZdlbjmxl k ijhdZlguf bgkljmf_glhf. Knhjfmebjh\Zgu

ZgZeblbq_kdb_ nhjfmeu b qbke_ggu_ Ze]hjblfu ^ey \uqbke_gby nhjfu

ibev]_jghc ]heh\db gZ dZ`^hf mqZkld_, Z lZd`_ ]jZgbp mqZkldh\.

Dexq_\u_ keh\Z: ijhdZldZ ljm[, ibeb]jbfh\uc klZg, fZl_fZlbq_kdZy fh^_ev, ibev]_jgZy

]heh\dZ.

MATHEMATICAL MODEL OF TUBE FORMATION

DURING ROLLING IN THE PILGER MILL
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In the paper a mathematical (semi-analytical) model of tube rolling in a pilger mill

is presented, which takes into account correctly the incompressibility of the metal.

Within the model, the tube is considered as consisting of four sections that are in

different contacts with the rolling tool. Analytical formulas and numerical

algorithms are formulated to calculate the shape of the pilger cone in each section

and the boundaries of the sections.
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<\_^_gb_

IjhdZldZ ljm[ – h^bg ba gZb[he__ keh`guo, k nbabq_kdhc lhqdb aj_gby,

l_ogheh]bq_kdbo ijhp_kkh\ h[jZ[hldb f_lZeeZ ^Z\e_gb_f. < ijhp_kk_ ijhdZldb \ ljm[_

\hagbdZ_l keh`gh_ gZijy`zggh-^_nhjfbjh\Zggh_ khklhygb_, dhlhjh_ oZjZdl_jbam_lky

kms_kl\_ggh g_h^ghjh^guf b Zgbahljhiguf, ehdZebah\Zgguf \ madhc h[eZklb

jZkij_^_e_gb_f ihe_c gZijy`_gbc b ^_nhjfZpbc \ h[tzf_ ljm[u, dhlhjh_ d lhfm `_
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[ukljh f_gy_lky kh \j_f_g_f. Ijb wlhf ljm[Z lZd`_ ij_l_ji_\Z_l gZ]j_\, ijbqzf

jZkij_^_e_gb_ l_fi_jZlmj \ h[tzf_ ljm[u lZd`_ kms_kl\_ggh g_h^ghjh^gh,

Zgbahljhigh b g_ihklhyggh \h \j_f_gb. GZdhg_p, ^_nhjfZpby agZqbl_evgh kdZau\Z_lky

gZ fbdjhkljmdlmj_ ljm[u, ijb\h^y d nhjfbjh\Zgbx \ g_c l_dklmju, qlh \e_qzl

baf_g_gb_ (\ qZklghklb Zgbahljhibx) f_oZgbq_kdbo k\hckl\ fZl_jbZeZ.

Wlh dhfie_dkgh_ \ha^_ckl\b_ gZ ljm[m k\yaZgh k jbkdhf ih\j_`^_gby b

nhjfbjh\Zgby ^_n_dlh\, lZdbo dZd kdeZ^qZlhklv, jZdh\bgu b jbkdb, aZ^bju, aZdZlu

b l. ^. H^ghc ba gZb[he__ agZqbfuo ijbqbg y\ey_lky g_hilbfZevguc j_`bf

^_nhjfZpbb. LZd, _keb kl_i_gv beb kdhjhklv ^_nhjfZpbb q_j_kqmj \_ebdZ beb _keb

kebrdhf \_ebdh gZijy`_gb_ gZ ih\_joghklb (k\yaZggh_ k ^Z\e_gb_f beb k lj_gb_f

ljm[u h[ bgkljmf_gl), lh wlh fh`_l ijb\_klb d ij_\ur_gbx ij_^_evgh ^himklbfuo

gZijy`_gbc beb ^_nhjfZpbc \ hl^_evguo mqZkldZo ljm[u, qlh \e_qzl ihy\e_gb_

^_n_dlh\. LZdbf h[jZahf, ]eZ\gZy aZ^ZqZ ijb ijhdZld_ khklhbl \ h[_ki_q_gbb

hilbfZevgh]h j_`bfZ ^_nhjfZpbb, fbgbfbabjmxs_]h (Z \ b^_Ze_ k\h^ys_]h d gmex)

\_jhylghklv ihy\e_gby ^_n_dlh\.

?kl_kl\_gguc ih^oh^ d j_r_gbx wlhc aZ^Zqb khklhbl \ wfibjbq_kdhf ih^[hj_

hilbfZevghc dZeb[jh\db b l_ogheh]bq_kdbo iZjZf_ljh\ ijhdZldb (kdhjhklv, m]he

ih\hjhlZ ljm[u, rZ] ih^Zqb). H^gZdh wfibjbq_kdbc ih^oh^ mibjZ_lky \ ijh[e_fu

\ukhdbo fZl_jbZevguo b \j_f_ggu� o aZljZl gZ wdki_jbf_glu, qlh \e_qzl ihl_jx

ijb[ueb.

J_r_gb_f wlhc ijh[e_fu y\ey_lky fZl_fZlbq_kdh_ fh^_ebjh\Zgb_ ijhp_kkZ

ijhdZldb. Hgh iha\hey_l kms_kl\_ggh mkdhjblv b m^_r_\blv ijhp_kk hilbfbaZpbb

ijhp_kkZ ijhdZldb, aZf_gb\ ijh^he`bl_evgu_ b ^hjh]hklhysb_ gZlmjgu_

wdki_jbf_glu gZfgh]h [he__ ^_rz\ufb (ihqlb [_kieZlgufb) b kjZ\gbl_evgh

g_ijh^he`bl_evgufb qbke_ggufb jZkqzlZfb.

< k\yab k wlbf \hagbd bgl_j_k d fZl_fZlbq_kdhfm fh^_ebjh\Zgbx ijhdZldb dZd

nbabq_kdh]h ijhp_kkZ. Kmlv fZl_fZlbq_kdh]h fh^_ebjh\Zgby khklhbl \ \uqbke_gbb

gZijy`zggh-^_nhjfbjh\Zggh]h khklhygby ljm[u (lh _klv jZkij_^_e_gby \ g_c ihe_c

gZijy`_gbc b ^_nhjfZpbc) bkoh^y ba nbabq_kdbo ijbgpbih\ f_oZgbdb kiehrguo

kj_^, Z lZd`_ mkeh\bc ijhdZldb, lZdbo dZd ijhnbeb dZeb[jh\ b hijZ\db, kdhjhklv

ijhdZldb, rZ] ih^Zqb, m]he ih\hjhlZ, mkeh\by lj_gby gZ ]jZgbp_ ljm[Z-bgkljmf_gl,

j_`bf hoeZ`^_gby. GZijy`zggh-^_nhjfbjh\Zggh_ khklhygb_ ljm[u iha\hey_l

ijh]ghabjh\Zlv \_jhylgh_ ih\j_`^_gb_ ljm[u ijb ijhdZld_ (Z lZd`_ \hafh`guc baghk

beb ih\j_`^_gb_ bgkljmf_glZ).

I_j\u_ ihiuldb ZgZeblbq_kdh]h fh^_ebjh\Zgby ijhp_kkZ oheh^ghc ijhdZldb

ij_^ijbgylu Ab[_e_f b GhcfZghf \ 1954 [1] b =_e_cb \ 1958 [2], ]^_ bkihevam_lky

ZgZeh]by k ijhdZldhc ihehku. < wlbo jZ[hlZo ij_^eZ]Z_lky jZa[b_gb_ f]gh\_ggh]h

hqZ]Z ^_nhjfZpbb gZ ^\Z hlj_adZ, gZ h^ghf ba dhlhjuo ljm[Z khijbdZkZ_lky b k

dZeb[jhf, b k hijZ\dhc, Z gZ ^jm]hf – lhevdh k hijZ\dhc. Wlb b^_b rbjhdh

bkihevah\Zebkv b \ ihke_^mxsbo jZ[hlZo. < ^Zgghc jZ[hl_ lZdhc ih^oh^ lh`_

bkihevam_lky.
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H[_ ij_^klZ\e_ggu_ fh^_eb ^_fhgkljbjmxl kms_kl\_ggh_ hldehg_gb_ jZkqzlghc

^ebgu ahgu dhglZdlZ b iehsZ^b dhglZdlZ, Z lZd`_ mkbebc ijhdZldb hl baf_j_gbc,

\uiheg_gguo Chrb^hc b ^j. [3]. Chrb^Z ij_^eh`be mijhszggmx ljzof_jgmx

ihemZgZeblbq_kdmx fh^_ev ijhp_kkZ oheh^ghc ijhdZldb, hkgh\Zggmx gZ j_amevlZlZo

_]h wdki_jbf_glh\. Imlzf baf_j_gby l_q_gby fZl_jbZeZ b lhesbgu kl_gdb ljm[u \

jZaebqguo lhqdZo ih\_joghklb k ^_ebl_evghc k_ldhc ijb hklZgh\d_ ijhp_kkZ ijhdZldb

gZ jZaguo wlZiZo [ueh baf_j_gh jZkij_^_e_gb_ ^_nhjfZpbc \ ljm[_. Ijb wlhf [ueh

k^_eZgh ij_^iheh`_gb_, qlh l_q_gb_ f_lZeeZ h^bgZdh\h gZ \g_rg_c b \gmlj_gg_c

ih\_joghklyo ljm[u, qlh hagZqZ_l ij_g_[j_`_gb_ k^\b]h\ufb ^_nhjfZpbyfb.

Iha`_ H[wg [4] b @bjZj [5] mdZaZeb gZ g_h[oh^bfhklv mqzlZ k^\b]h\hc

^_nhjfZpbb ^ey dhjj_dlghc hp_gdb kl_i_gb ih\j_`^_gby ljm[u ijb ijhdZld_. H[_g k

khZ\lhjZfb \ jZ[hl_ [4] jZa\beb ljzof_jgmx ihemZgZeblbq_kdmx fh^_ev, dhlhjZy

\dexqZeZ \ jZkkfhlj_gb_ g_dhlhju_ y\e_gby, dhlhju_ b]ghjbjh\Zebkv ^jm]bfb, [he__

jZggbfb fh^_eyfb. Bo fh^_ev mqblu\ZeZ mijm]b_ ^_nhjfZpbb bgkljmf_glZ (dZeb[jh\,

hijZ\db), Z lZd`_ \hegm. Fh^_ev hkgh\ZgZ gZ f_lh^_ iehkdbo k_q_gbc (l. g. «slab

method» – kf. [6, 7]).

>jm]Zy ljzof_jgZy fh^_ev [ueZ ihkljh_gZ Nmjm]_ghf b OZyrb [8]. < wlhc

fh^_eb \i_j\u_ [ueZ mql_gZ hk_\Zy Zkbff_ljby h[`Zlby ljm[u. >ey mqzlZ Zkbff_ljbb

h[`Zlby k_q_gb_ ljm[u \ h[eZklb _z khijbdhkgh\_gby k \ZedZfb [ueh jZa^_e_gh gZ

q_luj_ mqZkldZ, ^\Z ba dhlhjuo dZkZxlky \ZedZ, Z ^\Z ^jm]bo g_ dZkZxlky. < 1992 HkbdZ

b khZ\lhju [9, 10] jZa\beb ^\mf_jgmx b qZklbqgh ljzof_jgmx fZl_fZlbq_kdmx fh^_ev

oheh^ghc ijhdZldb. Ihi_j_qgh_ k_q_gb_ b ^ebgZ jZa^_eyxlky gZ f_edb_ we_f_glu,

ihke_ q_]h ijbf_gy_lky f_lh^ jZkqzlh\, jh^kl\_gguc f_lh^m dhg_qguo we_f_glh\.

:\lhju ml\_j`^Zxl, qlh j_amevlZlu bo jZkqzlh\ kh]eZkmxlky k ^Zggufb

wdki_jbf_glh\.

Ke_^mxsbc \Z`guc rZ] jZa\blby ZgZeblbq_kdhc l_hjbb ijhdZldb [ue k^_eZg \

jy^_ jZ[hl OmfeZ, Ebg^_]j_gZ b Nh]_evohevfZ [11, 12], WlZ fh^_ev hkgh\ZgZ gZ

ijb[eb`_gbb hk_\hc kbff_ljbb. < wlhc fh^_eb nhjfZ ljm[u \ ahg_ ^_nhjfZpbb

aZ^Zzlky ZgZeblbq_kdb \ ijb[eb`_gbb hk_\hc kbff_ljbb ljm[u, Z ahgZ ieZklbq_kdhc

^_nhjfZpbb ljm[u jZa^_ey_lky gZ ahgu, ijbf_jgh dZd \ jZ[hl_ [1]. Wlh i_j\Zy jZ[hlZ,

\ dhlhjhc [ueb mql_gu l_fi_jZlmjgu_ wnn_dlu. Mkbeb_ ijhdZldb \uqbkeyehkv

f_lh^hf iehkdbo k_q_gbc.

< kjZ\gbl_evgh g_^Z\g_c jZ[hl_ [13] ij_^eZ]Z_lky f_lh^ ijb[eb`zggh]h

hibkZgby nhjfu ljm[u k mqzlhf \hegu. Ijb wlhf bkihevam_lky ijb[eb`_gb_ hk_\hc

kbff_ljbb b iehkdh]h k_q_gby, Z lZd`_ ij_^iheh`_gb_, qlh \g_rgbc ^bZf_lj ljm[u

h^bg b lhl `_ gZ i_j_^g_c b aZ^g_c ]jZgbpZo f]gh\_ggh]h hqZ]Z ^_nhjfZpbb. <

jZ[hlZo [14, 15] jZajZ[hlZgZ ZgZeblbq_kdZy fh^_ev ^ey \uqbke_gby iehsZ^b dhglZdlZ

ljm[u k ijhdZlguf bgkljmf_glhf, Z lZd`_ gZ]jmadb gZ ijhdZlguc bgkljmf_gl ijb

ijhdZld_ gZ ljzo\Zedh\hf klZg_.

=eZ\gZy ijh[e_fZ \k_o ZgZeblbq_kdbo b ihemZgZeblbq_kdbo fh^_e_c aZdexqZ_lky

\ lhf, qlh hgb, \\b^m keh`ghklb ijhp_kkZ, g_ba[_`gh \dexqZxl p_euc jy^
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ijb[eb`_gbc. GZb[he__ jZkijhkljZgzggu_ ba gbo – wlh ijb[eb`_gb_ hk_\hc

kbff_ljbb ibev]_jghc ]heh\db (l._. dhgmkghc qZklb ljm[u, jZkiheh`_gghc \ hqZ]_

^_nhjfZpbb), ijb[eb`_gb_ iehkdh]h k_q_gby (nZdlbq_kdb hagZqZ_l ij_g_[j_`_gb_

k^\b]h\ufb ^_nhjfZpbyfb), ij_g_[j_`_gb_ l_fi_jZlmjgufb wnn_dlZfb b

Zgbahljhib_c f_oZgbq_kdbo k\hckl\ fZl_jbZeZ. <k_ ZgZeblbq_kdb_ b

ihemZgZeblbq_kdb_ fh^_eb \dexqZxl \ k_[y eb[h \k_, eb[h g_dhlhju_ ba wlbo

ijb[eb`_gbc. Djhf_ lh]h, wlb fh^_eb g_ iha\heyxl ihemqblv j_Zebklbqgh_

jZkij_^_e_gb_ gZijy`_gbc b ^_nhjfZpbc \ ljm[_ b h]jZgbqb\Zxlky, dZd ijZ\beh,

\uqbke_gb_f mkj_^gzggh]h gZijy`_gby beb ^_nhjfZpbb \ g_dhlhjhc h[eZklb ljm[u

(gZijbf_j \ k_q_gbb beb \ qZklb k_q_gby).

< k\yab k jZa\blb_f \uqbkebl_evghc l_ogbdb bgl_j_k d ZgZeblbq_kdbf b

ihemZgZeblbq_kdbf f_lh^Zf kms_kl\_ggh hkeZ[. Kh\j_f_ggu_ W<F iha\heyxl

gZfgh]h lhqg__ ^_eZlv jZkqzlu b ihemqZlv gZfgh]h [he__ ihegmx bgnhjfZpbx h

jZkij_^_e_gbb gZijy`_gbc b ^_nhjfZpbc \ ^_nhjfbjm_fhf l_e_, q_f wlh \hafh`gh k

ihfhsvx klZjuo fh^_e_c. Ki_pbZevgh ^ey lZdbo aZ^Zq [ue jZajZ[hlZg f_lh^

dhg_qguo we_f_glh\, hkgh\Zgguc gZ qbke_gghf j_r_gbb kZfhkh]eZkh\Zgghc kbkl_fu

mjZ\g_gbc l_hjbb ieZklbqghklb. Wlhl f_lh^ k\h[h^_g hl ijb[eb`_gbc b l_hj_lbq_kdb

iha\hey_l ihemqZlv jZkij_^_e_gb_ gZijy`_gbc b ^_nhjfZpbc k ex[hc lj_[m_fhc

lhqghklvx. <k_ kh\j_f_ggu_ ijh]jZffgu_ ijh^mdlu (MSC Marc, Ansys, Q-Form b ^j.),

dhlhju_ ijbf_gyxlky ^ey ijhfure_gguo jZkqzlh\ h[jZ[hldb f_lZeeh\ ^Z\e_gb_f,

bkihevamxl bf_ggh f_lh^ dhg_qguo we_f_glh\.

Gh, g_kfhljy gZ lh qlh ZgZeblbq_kdb_ b ihemZgZeblbq_kdb_ f_lh^u jZkqzlZ

gZijy`zggh-^_nhjfbjh\Zggh]h khklhygby hlhreb gZ \lhjhc ieZg, hgb \kz _sz g_

ihl_jyeb k\h_c ZdlmZevghklb. Wlh k\yaZgh k l_f, qlh f_lh^ dhg_qguo we_f_glh\

lj_[m_l [hevrbo \j_f_gguo aZljZl, Z lZd`_ [hevrbo h[tzfh\ fZrbgghc iZfylb. DZd

ke_^kl\b_, wlhl f_lh^ ij_djZkgh ih^oh^bl ^ey _^bgbqguo qbke_gguo wdki_jbf_glh\.

Gh _keb aZ^ZqZ khklhbl \ lhf, qlh[u gZclb hilbfZevgmx dZeb[jh\dm, lh \ wlhf kemqZ_

lj_[m_lky ijh\_^_gb_ [hevrh]h dhebq_kl\Z qbke_gguo wdki_jbf_glh\. < wlhf kemqZ_

f_lh^ dhg_qguo we_f_glh\ klZgh\blky g_ijZdlbqguf.

Ih^oh^, dhlhjuc fu ij_^eZ]Z_f ^ey jZkqzlZ hilbfZevghc dZeb[jh\db, khklhbl \

ihke_^h\Zl_evghf bkihevah\Zgbb ijb[eb`zgghc ihemZgZeblbq_kdhc fh^_eb b f_lh^Z

dhg_qguo we_f_glh\. Wlh iha\hebl bkihevah\Zlv ij_bfms_kl\Z b kdhfi_gkbjh\Zlv

g_^hklZldb h[hbo f_lh^h\. :gZeblbq_kdb_ b ihemZgZeblbq_kdb_ fh^_eb hlebqZxlky

[ukljh^_ckl\b_f b ih^oh^yl ^ey fgh]hdjZlguo qbke_gguo wdki_jbf_glh\, gh g_

h[eZ^Zxl \ukhdhc lhqghklvx. F_lh^ dhg_qguo we_f_glh\, gZijhlb\, hlebqZ_lky

lhqghklvx, gh lj_[m_l fgh]h \j_f_gb ^ey \uqbke_gbc. < k\yab k wlbf ij_^klZ\ey_lky

jZamfguf jZa^_eblv aZ^Zqm gZ ^\Z wlZiZ. GZ i_j\hf wlZi_ ihemZgZeblbq_kdZy fh^_ev

bkihevam_lky ^ey ihkljh_gby ijhnbe_c dZeb[jh\ b hijZ\db, ijb[eb`_gguo d

hilbfZevguf. Ihemq_ggZy dZeb[jh\dZ bkihevam_lky dZd gZqZevgh_ ijb[eb`_gb_ ^ey

f_lh^Z dhg_qguo we_f_glh\, k ihfhsvx dhlhjh]h hgZ mlhqgy_lky. Wlh iha\hey_l

kms_kl\_ggh kgbablv dhebq_kl\h qbke_gguo wdki_jbf_glh\, ijh\h^bfuo k ihfhsvx
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f_lh^Z dhg_qguo we_f_glh\, b l_f kZfuf ihemqblv dZq_kl\_gguc j_amevlZl aZ

kjZ\gbl_evgh dhjhldh_ \j_fy.

GZklhysZy jZ[hlZ ihk\ys_gZ jZajZ[hld_ gh\hc ihemZgZeblbq_kdhc fh^_eb,

dhlhjmx fu ieZgbjm_f ijbf_gblv \ gZr_f ih^oh^_. Gh\Zy fh^_ev hlebqZ_lky hl

klZjuo l_f, qlh [he__ lhqgh mqblu\Z_l baf_g_gb_ nhjfu ibev]_jghc ]heh\db ijb

^\b`_gbb dZeb[jh\, Z lZd`_ bkihevam_l mjZ\g_gby f_oZgbdb kiehrguo kj_^ ^ey

jZkqzlZ jZkij_^_e_gby gZijy`_gbc \ ljm[_.

JZkqzl gZijy`zggh-^_nhjfbjh\Zggh]h khklhygby ijb aZ^Zgghf iheh`_gbb

\Zedh\ ijh\h^blky \ ^\Z wlZiZ. GZ i_j\hf wlZi_ kljhblky ijb[eb`zggZy nhjfZ

ibev]_jghc ]heh\db, Z gZ \lhjhf wlZi_ \uqbkey_lky ihe_ ^_nhjfZpbc b gZijy`_gbc

imlzf ijyfh]h j_r_gby mjZ\g_gbc l_hjbb ieZklbqghklb. Ijb wlhf nhjfZ ibev]_jghc

]heh\db, ihemq_ggZy gZ i_j\hf wlZi_, hij_^_ey_l ]jZgbqgu_ mkeh\by ^ey mjZ\g_gbc,

dhlhju_ j_rZxlky gZ \lhjhf wlZi_.

Ke_^m_l aZf_lblv, qlh m`_ kZfh jZa^_e_gb_ \uqbke_gby gZijy`zggh-

^_nhjfbjh\Zggh]h khklhygby gZ ^\Z wlZiZ ij_^klZ\ey_l kh[hc ijb[eb`_gb_. Ijb

lhqghf j_r_gbb aZ^Zqb \uqbke_gb_ nhjfu ibev]_jghc ]heh\db b jZkqzl ihey

gZijy`_gbc b ^_nhjfZpbc g_hl^_ebfu ^jm] hl ^jm]Z b \aZbfgh kh]eZkh\Zgu. JZa^_eyy

\uqbke_gb_ gZ ^\Z wlZiZ, fu bkoh^bf ba ij_^iheh`_gby, qlh nhjfZ ibev]_jghc

]heh\db \eby_l gZ jZkij_^_e_gb_ gZijy`_gbc b ^_nhjfZpbc \ ljm[_, Z gZijy`_gby b

^_nhjfZpbb gZ nhjfm ibev]_jghc ]heh\db g_ \ebyxl. Ohly wlh ij_^iheh`_gb_, kljh]h

]h\hjy, g_ \_jgh, gh hgh hijZ\^Zgh l_f, qlh nhjfm ibev]_jghc ]heh\db fh`gh

ijb[eb`zggh ihkljhblv bkoh^y ba ]_hf_ljbb dZeb[jh\ b hijZ\db, b nhjfZ ljm[u,

jZkkqblZgghc lZdbf kihkh[hf, [m^_l keZ[h hlebqZlvky hl j_Zevghc.

< gZklhys_c jZ[hl_ ij_^klZ\e_gZ i_j\Zy qZklv fZkrlZ[ghc jZ[hlu ih jZajZ[hld_

ihemZgZeblbq_kdhc fh^_eb b ijbf_g_gbx _z, kh\f_klgh k f_lh^hf dhg_qguo

we_f_glh\, ^ey jZkqzlZ hilbfZevguo dZeb[jh\hd ^ey ijhfure_ggh]h ijhba\h^kl\Z

ljm[. J_qv \ ^Zgghc jZ[hl_ b^zl h nhjfhbaf_g_gbb ibev]_jghc ]heh\db \ ijhp_kk_

ijhdZldb. Nhjfhbaf_g_gb_ jZkkfZljb\Z_lky dZd ^bgZfbq_kdbc ijhp_kk. Wlh agZqbl,

qlh ij_^klZ\e_ggZy a^_kv fh^_ev iha\hey_l ihemqblv nhjfm ibev]_jghc ]heh\db ijb

ex[hf iheh`_gbb dZeb[jh\ (Z g_ lhevdh ijb djZcg_f ijZ\hf b djZcg_f e_\hf

iheh`_gbyo) b hibku\Zlv _z baf_g_gb_ ijb kf_s_gbb dZeb[jh\, l_f kZfuf iha\heyy

ihemqblv b ijb[eb`zggh_ jZkij_^_e_gb_ kdhjhklb l_q_gby f_lZeeZ ijb ^\b`_gbb

dZeb[jh\.

Hkgh\gu_ k\_^_gby h fh^_eb

HibkZgb_ gZr_c fh^_eb gZqgzf k lh]h, qlh nhjfZevgh ij_^klZ\bf _z \oh^gu_

iZjZf_lju b j_amevlZlu.
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I. NhjfZevgh_ ij_^klZ\e_gb_ bkoh^guo ^Zgguo

1. Ijh^hevgmx dhhj^bgZlm \^hev hkb hijZ\db [m^_f h[hagZqZlv z. NhjfZ

hijZ\db aZ^Zzlky nmgdpb_c Rman(z), dhlhjZy hij_^_ey_l jZ^bmk hijZ\db \

k_q_gbb k ijh^hevghc dhhj^bgZlhc z.

2. Iheh`_gb_ lhqdb gZ jmqv_ dZeb[jZ aZ^Zzlky m]eh\hc dhhj^bgZlhc ¡, dhlhjZy

hlkqblu\Z_lky ih j_[hj^_ (h[hagZq_gby h[tykgyxlky gZ jbk. 1). NhjfZ dZeb[jZ

hibku\Z_lky nmgdpb_c Rcal(Ç) aZ\bkbfhklb jZ^bmkZ dZeb[jZ hl m]eZ Ç.

3. L_dmsmx z-dhhj^bgZlm hkb dZeb[jZ [m^_f h[hagZqZlv ZK. Nmgdpby ,(ZK)

aZ^Zzl k\yav f_`^m dhhj^bgZlhc hkb dZeb[jZ ZK b m]ehf , ih\hjhlZ dZeb[jZ.

4. YK – jZkklhygb_ f_`^m hkvx dZeb[jZ b hkvx hijZ\db. WlZ \_ebqbgZ ihklhyggZy

b g_ f_gy_lky ijb ^\b`_gbb dZeb[jh\.

5. – \g_rgbc b \gmlj_ggbc jZ^bmku ljm[ghc aZ]hlh\db.

6. RZ] ih^Zqb ljm[u h[hagZqbf m. KqblZ_f, qlh ih^ZqZ hkms_kl\ey_lky lhevdh

i_j_^ ijyfuf oh^hf dZeb[jh\, lh _klv ijb djZcg_f e_\hf iheh`_gbb

dZeb[jh\.1

II. NhjfZevgh_ ij_^klZ\e_gb_ j_amevlZlh\

AZ^ZqZ \uqbke_gby nhjfu ibev]_jghc ]heh\db khklhbl \ ihkljh_gbb ^\mo

nmgdpbc Rex(z,ZC), Rin(z,ZC) – \g_rgbc b \gmlj_ggbc jZ^bmku ibev]_jghc ]heh\db \

k_q_gbb k ijh^hevghc dhhj^bgZlhc z ijb l_dms_f iheh`_gbb dZeb[jh\ ZC.

Jbk. 1. NhjfZ dZeb[jZ

1 LZd qZklh [u\Z_l gZ ijZdlbd_. H^gZdh ^ey lh]h, qlh[u fh^_ev [ueZ mgb\_jkZevghc, ke_^h\Zeh [u
jZkkfhlj_lv kemqZc, dh]^Z ih^ZqZ hkms_kl\ey_lky dZd i_j_^ ijyfuf, lZd b i_j_^ h[jZlguf oh^hf
dZeb[jh\. < wlhf kemqZ_ Ze]hjblf jZkqzlZ nhjfu ibev]_jghc ]heh\db klZgh\blky gZfgh]h [he__
keh`guf. Bkke_^h\Zgb_ lZdh]h kemqZy fu ieZgbjm_f ijb\_klb \ gZr_c ke_^mxs_c jZ[hl_.

(0) (0),ex inR R
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III. IhklmeZlu fh^_eb

Fh^_ev, dhlhjZy bkihevam_lky ^ey jZkqzlZ ijb[eb`zgghc nhjfu ibev]_jghc

]heh\db, hkgh\ZgZ gZ ke_^mxsbo ij_^iheh`_gbyo:

1. Hk_\Zy kbff_ljby ibev]_jghc ]heh\db \ ex[hc fhf_gl \j_f_gb;

2. G_k`bfZ_fhklv fZl_jbZeZ ljm[u;

3. Ijb[eb`_gb_ iehkdh]h k_q_gby;

4. <g_rgbc ^bZf_lj k_q_gby ibev]_jghc ]heh\db f_gy_lky lhevdh ijb

khijbdhkgh\_gbb \g_rg_c ih\_joghklb k dZeb[jZfb;

5. LhesbgZ k_q_gby ibev]_jghc ]heh\db f_gy_lky lhevdh ijb khijbdhkgh\_gbb

h^gh\j_f_ggh k dZeb[jZfb b k hijZ\dhc;

6. Mijm]b_ ^_nhjfZpbb ij_g_[j_`bfh fZeu ih kjZ\g_gbx k ieZklbq_kdbfb.

Wlb ij_^iheh`_gby h[jZamxl kbkl_fm ihklmeZlh\ fh^_eb.

IV. Djb\Zy dZeb[jZ ijb aZ^Zgghf iheh`_gbb _]h hkb

?keb dZeb[ju gZoh^ylky \ iheh`_gbb ZC b ih\zjgmlu gZ m]he ,, lh lhqdb gZ _]h

ih\_joghklb, dhlhju_ dZkZxlky ljm[u (ijb mkeh\bb, qlh dZkZgb_ bf__l f_klh), bf_xl

m]eh\mx dhhj^bgZlm Ç § ,. Fh`gh k \ukhdhc kl_i_gvx lhqghklb kqblZlv, qlh \h \k_o

wlbo lhqdZo jZ^bmk dZeb[jZ bf__l h^gh b lh `_ agZq_gb_ Rcal (,). Lh]^Z \ ahg_ dhglZdlZ

ljm[u k dZeb[jhf djb\Zy jmqvy dZeb[jZ hibku\Z_lky iZjZf_ljbq_kdb ke_^mxsbf

h[jZahf:

(1)

Ihke_ we_f_glZjguo ij_h[jZah\Zgbc fh`gh i_j_clb hl iZjZf_ljbq_kdh]h hibkZgby

djb\hc jmqvy dZeb[jZ d y\ghfm kihkh[m hibkZgby:

, (2)

]^_ m]he ih\hjhlZ dZeb[jZ , k\yaZg k dhhj^bgZlhc _]h hkb ZC nmgdpb_c ,(ZK).

V. Ijh^hevgZy b h[tzfgZy dhhj^bgZlu k_q_gbc

Ijb jZkqzl_ nhjfu ibev]_jghc ]heh\db fu, djhf_ ijh^hevghc dhhj^bgZlu z,

bkihevam_f lZd`_ h[tzfgmx dhhj^bgZlm V, dhlhjZy jZ\gZ h[tzfm ljm[u f_`^m _z

e_\uf lhjphf (k_q_gb_f k ijh^hevghc dhhj^bgZlhc z = 0) b l_dms_c ijh^hevghc

dhhj^bgZlhc. Ijh^hevgZy b h[tzfgZy dhhj^bgZlu ijb iheh`_gbb dZeb[jZ ZC k\yaZgu

f_`^m kh[hc nmgdpb_c V(z,ZC), dhlhjZy hij_^_ey_lky nhjfmehc

( ) ( )cos( ),

( ) ( )sin( ).

cal C cal

cal C cal

y Y R

z Z R

- -

- -

 � 4 �4

 � 4 �4

2 2( , ) ( ) ( )cal C C cal Cy z Z Y R z Z � 4 � �
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nhjfm jmqvy dZeb[jZ ijb jZaguo iheh`_gbyo dZeb[jZ ZC1, ZC2, ZC3, … . Ihkljh_gb_

djb\hc \uihegy_lky ih ke_^mxs_fm Ze]hjblfm:

1. <u[bjZ_f fZkkb\ agZq_gbc dhhj^bgZlu hkb dZeb[jZ ZCi, i = 1, 2, …, N.

2. >ey dZ`^h]h agZq_gby ZCi gZoh^bf dhhj^bgZlm zi dZkZgby djb\hc k

djb\hc y = ycal(z,ZCi), bkihevamy ke_^mxs__ mjZ\g_gb_ (kf. Ijbeh`_gb_):

. (5)

Ih^klZ\eyy kx^Z nhjfmem (2), ihemqZ_f

, (6)

]^_ ,i = ,(ZCi). Hlkx^Z ihemqZ_lky y\gh_ \ujZ`_gb_ ^ey dhhj^bgZlu zi

dZkZgby djb\hc k djb\hc dZeb[jZ, dh]^Z hkv dZeb[jZ jZkiheh`_gZ

\ lhqd_ k dhhj^bgZlhc ZCi:

. (7)

3. >ey dZ`^h]h i = 1, 2, …, N gZoh^bf .

4. LZdbf h[jZahf, ihemq_g gZ[hj agZq_gbc ijh^hevghc dhhj^bgZlu zi b agZq_gb_

nmgdpbb \ wlbo dhhj^bgZlZo. Ihkljhblv nmgdpbx ^ey \k_o z

fh`gh, bkihevamy ex[hc Ze]hjblf bgl_jiheypbb.

H[hkgh\Zgb_ wlh]h Ze]hjblfZ ijb\_^_gh \ Ijbeh`_gbb.

Ihemq_ggmx nmgdpbx g_h[oh^bfh _sz fh^bnbpbjh\Zlv, mqblu\Zy, qlh

ijb fZeuo agZq_gbyo z dZeb[j g_ khijbdZkZ_lky k ljm[hc. Ihwlhfm ijb lZdbo z, ijb

dhlhjuo , ]^_ – \g_rgbc jZ^bmk aZ]hlh\db, gm`gh iheh`blv

.

AZf_lbf, qlh gZ ijZdlbd_ ijhnbev \g_rg_c ih\_joghklb ibev]_jghc ]heh\db ijb

djZcg_f ijZ\hf iheh`_gbb \Zedh\ hlh`^_kl\eyxl k jZa\zjldhc dZeb[jZ. NhjfZevgh

wlh hagZqZ_l, qlh \f_klh nhjfmeu (7) bkihevamxl [he__ ijhklmx nhjfmem: zi = ZCi.

NhjfmeZ (7) iha\hey_l, lZdbf h[jZahf, [he__ lhqgh hij_^_eblv nhjfm ibev]_jghc

]heh\db ijb djZcg_f ijZ\hf iheh`_gbb dZeb[jZ.
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I_j_c^zf l_i_jv d ihkljh_gbx nmgdpbb .

KgZqZeZ kljhbf nmgdpbx t(r)(z), dhlhjZy hij_^_ey_l lhesbgm kl_gdb ibev]_jghc

]heh\db \ k_q_gbb k ijh^hevghc dhhj^bgZlhc z ijb djZcg_f ijZ\hf iheh`_gbb

dZeb[jh\. HgZ kljhblky ih ke_^mxs_c ko_f_:

1. <u[bjZ_f gZ[hj agZq_gbc ijh^hevghc dhhj^bgZlu z, jZkiheh`_gguo

^hklZlhqgh [ebadh ^jm] d ^jm]m: 0 = z0 < z1 < z2 < … < zN = L.

2. < lhqd_ z = 0 lhesbgZ kl_gdb ljm[u ijb djZcg_f ijZ\hf iheh`_gbb dZeb[jh\

jZ\gZ lhesbg_ kl_gdb aZ]hlh\db: .

3. ?keb lhesbgZ kl_gdb t(r)(zi) \ k_q_gbb k ijh^hevghc dhhj^bgZlhc zi ba\_klgZ,

lh lhesbgZ kl_gdb t(r)(zi+1) \ k_q_gbb k ijh^hevghc dhhj^bgZlhc zi+1

hij_^_ey_lky ih nhjfme_

. (8)

4. LZdbf h[jZahf, fu ihke_^h\Zl_evgh ihemqZ_f lhesbgm kl_gdb t(r)(zi) \h \k_o

k_q_gbyo k ijh^hevgufb dhhj^bgZlZfb zi , i = 0, 1, 2, …, N. Ihemqblv

nmgdpbx t(r)(z) fh`gh, bkihevamy ex[hc Ze]hjblf bgl_jiheypbb.

Ihke_ wlh]h nmgdpby kljhblky ih nhjfme_

. (9)

NhjfZ ljm[u ijb djZcg_f e_\hf iheh`_gbb dZeb[jh\

NhjfZ ibev]_jghc ]heh\db ijb djZcg_f e_\hf iheh`_gbb dZeb[jh\ ZC = 0 i_j_^

ijyfuf oh^hf (ihke_ ih^Zqb) hibku\Z_lky nmgdpbyfb ,

. Hgb k\yaZgu k nmgdpbyfb ijhklufb khhlghr_gbyfb:

(10)

(11)

]^_ m – rZ] ih^Zqb.
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H[tykg_gb_ nhjfme (10) b (11) ijhklh. < aZ^Zq_, dhlhjZy jZkkfZljb\Z_lky \ wlhc

jZ[hl_, ij_^iheZ]Z_lky, qlh ih^ZqZ ljm[u hkms_kl\ey_lky lhevdh ijb djZcg_f e_\hf

iheh`_gbb dZeb[jh\. Wlh agZqbl, qlh ijb h[jZlghf oh^_ dZeb[jh\ (ba djZcg_]h

ijZ\h]h iheh`_gby \ djZcg__ e_\h_) dZeb[ju ijhoh^yl ih ljm[_, dhlhjZy bf__l nhjfm

h[s_c h]b[Zxs_c \k_o djb\uo y = ycal(z,ZC1), y = ycal(z,ZC2), y = ycal(z,ZC3), … . Ijb wlhf,

hq_\b^gh, ljm[Z g_ ^_nhjfbjm_lky.2 Ke_^h\Zl_evgh, nhjfZ ljm[u ihke_ h[jZlgh]h oh^Z

dZeb[jh\ kh\iZ^Z_l k _z nhjfhc ihke_ ijyfh]h oh^Z (l. _. ijb djZcg_f ijZ\hf

iheh`_gbb dZeb[jh\). I_j_^ ijyfuf oh^hf hkms_kl\ey_lky ih^ZqZ ljm[u gZ rZ]

ih^Zqb m. LZdbf h[jZahf, nhjfZ ljm[u i_j_^ ijyfuf oh^hf dZeb[jh\ kh\iZ^Z_l k

nhjfhc ljm[u ihke_ h[jZlgh]h oh^Z (beb ihke_ ijyfh]h oh^Z, qlh lh `_ kZfh_) k

mqzlhf ih^Zqb. Wlh b ijb\h^bl d nhjfmeZf (10), (11).

Ijb \uqbke_gbb nhjfu ibev]_jghc ]heh\db ijb ijhf_`mlhqghf iheh`_gbb

dZeb[jh\ gZf ihlj_[m_lky nmgdpby t(l)(V) – aZ\bkbfhklv lhesbgu kl_gdb ljm[u hl

h[tzfghc dhhj^bgZlu, Z lZd`_ nmgdpby – aZ\bkbfhklv \g_rg_]h jZ^bmkZ ljm[u

hl h[tzfghc dhhj^bgZlu. <kz, qlh ^ey wlh]h gm`gh, – wlh mklZgh\blv k\yav f_`^m

ijh^hevghc dhhj^bgZlhc z b h[tzfghc dhhj^bgZlhc V ^ey ibev]_jghc ]heh\db, nhjfZ

dhlhjhc hij_^_ey_lky nmgdpbyfb . >ey wlh]h ijbf_gy_lky nhjfmeZ

(12)

Ihke_ wlh]h fh`gh \uqbkeblv h[jZlgmx nmgdpbx z(V). Lh]^Z

(13)

(14)

NhjfZ ibev]_jghc ]heh\db ijb ijhba\hevghf iheh`_gbb dZeb[jZ

GZ Jbk. 3 ihdZaZgh, qlh ijb ijhf_`mlhqghf iheh`_gbb dZeb[jh\ ZC ljm[m fh`gh

jZa^_eblv gZ q_luj_ mqZkldZ:

x 0 � z < zA – mqZklhd ljm[u, m`_ ih^\_j]rbcky ^_nhjfZpbb gZ ^Zgghf

ijhoh^_ \Zedh\;

2 AZf_lbf, qlh wlh \_jgh lhevdh \ jZfdZo ^hims_gbc gZr_c fh^_eb. < j_Zevghklb nhjfZ ljm[u ihke_
ijyfh]h oh^Z dZeb[jh\ fh`_l g_fgh]h hlebqZlvky hl nhjfu h[s_c h]b[Zxs_c djb\uo dZeb[jh\ \
jZaguo iheh`_gbyo. Wlh h[tykgy_lky, \h-i_j\uo, aZlmoZgb_f mijm]bo ^_nhjfZpbc ihke_ lh]h, dZd
dZeb[ju ^hklb]Zxl djZcg_]h ijZ\h]h iheh`_gby, ]^_ bo \ha^_ckl\b_ gZ ibev]_jgmx ]heh\dm
ij_djZsZ_lky. <h-\lhjuo, f_`^m ljm[hc b ijhdZlguf bgkljmf_glhf (dZeb[jZfb, hijZ\dhc) ^_ckl\m_l
lj_gb_, qlh lZd`_ ijb\h^bl d hlebqbx j_Zevghc nhjfu ibev]_jghc ]heh\db hl jZkqzlghc. Wlb wnn_dlu
ijb\h^yl d lhfm, qlh ^_nhjfZpby ljm[u ijhbkoh^bl g_ lhevdh gZ ijyfhf, gh b gZ h[jZlghf ijhoh^_
dZeb[jh\.
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x zA � z < zQ – mqZklhd ljm[u, dZkZxsbcky h^gh\j_f_ggh b dZeb[jh\, b

hijZ\db;

x zQ � z � zB – mqZklhd ljm[u, dZkZxsbcky dZeb[jZ, gh g_ hijZ\db;

x zB < z – mqZklhd ljm[u, _sz g_ ijhc^_gguc dZeb[jZfb.

Jbk. 3. JZa^_e_gb_ ljm[u gZ mqZkldb

A^_kv zA, zQ b zB – ijh^hevgu_ dhhj^bgZlu k_q_gbc A, Q b B, dhlhju_ y\eyxlky

]jZgbpZfb mqZkldh\. Hq_\b^gh, qlh wlb k_q_gby f_gyxlky ijb i_j_f_s_gbb dZeb[jh\,

ihwlhfm bo ijh^hevgu_ dhhj^bgZlu aZ\bkyl hl iheh`_gby ZC dZeb[jh\. Wlm

aZ\bkbfhklv fu [m^_f hibku\Zlv nmgdpbyfb zA(ZC), zQ(ZC) b zB(ZC). :e]hjblfu

ihkljh_gby wlbo nmgdpbc [m^ml baeh`_gu gb`_. LZd`_ gZf ihlj_[mxlky h[hagZq_gby

VA, VQ b VB ^ey h[tzfguo dhhj^bgZl k_q_gbc A, Q b B. Wlb h[tzfgu_ dhhj^bgZlu

lZd`_ aZ\bkyl hl iheh`_gby dZeb[jh\, b khhl\_lkl\mxsb_ aZ\bkbfhklb fu [m^_f

hibku\Zlv nmgdpbyfb VA(ZC), VQ(ZC) b VB(ZC).

JZkkfhljbf dZ`^uc mqZklhd ih hl^_evghklb.

I. GZ mqZkld_ z < zA nhjfZ ljm[u kh\iZ^Z_l k nhjfhc ibev]_jghc ]heh\db,

ij_l_ji_\r_c ijhdZldm, lh _klv

(15)

II. K_q_gb_ A, hq_\b^gh, khhl\_lkl\m_l lhqd_ dZkZgby \g_rg_c ih\_joghklb ljm[u

\ h[eZklb z < zA k djb\hc dZeb[jZ ijb _]h aZ^Zgghf iheh`_gbb ZC. Wlh agZqbl, qlh _z

ijh^hevgZy dhhj^bgZlZ zA hij_^_ey_lky ba khhlghr_gby

. (16)

III. GZ mqZkld_ zA � z < zQ, hq_\b^gh,

( )

( )

( , ) ( ),

( , ) ( ).

r
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(17)

IV. <uqbke_gb_ dhhj^bgZlu zQ k_q_gby Q ij_^klZ\ey_l g_dhlhju_ ljm^ghklb. >ey

wlh]h bkihevam_lky ke_^mxsZy ijhp_^mjZ:

1. <u[bjZ_lky «ij_^iheZ]Z_fh_» k_q_gb_ Q? , jZkieh`_ggh_ ^hklZlhqgh ^Ze_dh

hl lhqdb A, qlh[u fh`gh [ueh [ulv m\_j_gguf, qlh zA < zQ < zQ?.

2. Kljhblky «ij_^iheZ]Z_fZy» nhjfZ ibev]_jghc ]heh\db, dhlhjZy dZkZ_lky b

dZeb[jh\, b hijZ\db ijb \k_o zA < z < zQ?. <g_rgbc b \gmlj_ggbc jZ^bmku

«ij_^iheZ]Z_fhc» nhjfu ibev]_jghc ]heh\db h[hagZqbf Rex?(z,ZC) b Rin?(z,ZC).

Hq_\b^gh, hgb aZ^Zxlky nhjfmeZfb

(18)

^ey zA < z < zQ?. GZ hlj_ad_ zA < z < zQ «ij_^iheZ]Z_fZy» nhjfZ ibev]_jghc

]heh\db kh\iZ^Z_l k bklbgghc nhjfhc3.

3. Ihevamykv nhjfmehc (3), kljhbf nmgdpbx V = V?(z), k\yau\Zxsmx

ijh^hevgmx b h[tzfgmx dhhj^bgZlu ibev]_jghc ]heh\db «ij_^iheZ]Z_fhc»

nhjfu, b khhl\_lkl\mxsmx h[jZlgmx nmgdpbx z = z?(V).

4. Kljhbf nmgdpbx t?(V) aZ\bkbfhklb lhesbgu ibev]_jghc ]heh\db

«ij_^iheZ]Z_fhc» nhjfu hl h[tzfghc dhhj^bgZlu ih nhjfme_

(19)

5. Ijb g_dhlhjhf agZq_gbb h[tzfghc dhhj^bgZlu V lhesbgZ k_q_gby

ibeb]jbfh\hc ]heh\db “ij_^iheZ]Z_fhc” nhjfu kh\iZ^Z_l k lhesbghc

k_q_gby ibev]_jghc ]heh\db i_j_^ ijyfuf oh^hf dZeb[jh\, nhjfZ dhlhjhc

hibku\Z_lky nmgdpbyfb . Ba ihklmeZlZ 5 fh^_eb ke_^m_l, qlh

bf_ggh wlh agZq_gb_ h[tzfghc dhhj^bgZlu V b hl\_qZ_l k_q_gbx Q. LZdbf

h[jZahf, h[tzfgmx dhhj^bgZlm VQ k_q_gby Q fh`gh ihemqblv ba mjZ\g_gby

(20)

3 Ih^ «bklbgghc nhjfhc» fu ih^jZamf_\Z_f, jZamf__lky, nhjfm, kh]eZkmxsmxky k ihklmeZlZfb fh^_eb.

Ihkdhevdm fh^_ev y\ey_lky ijb[eb`zgghc, lh wlm nhjfm ljm[u g_evay gZa\Zlv bklbgghc \ [md\Zevghf
kfuke_ keh\Z.

( , ) ( , ),

( , ) ( ).
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6. Ijh^hevgZy dhhj^bgZlZ zQ k_q_gby Q hij_^_ey_lky k ihfhsvx nmgdpbb

z = z?(V) ih hq_\b^ghc nhjfme_

(21)

V. GZ mqZkld_ zQ < z < zB \g_rgyy ih\_joghklv ibev]_jghc ]heh\db kh\iZ^Z_l k

ih\_joghklvx dZeb[jZ (dZd b \ h[eZklb zA < z < zQ):

(22)

NhjfZ \gmlj_gg_c ih\_joghklb ibev]_jghc ]heh\db \ wlhc h[eZklb hij_^_ey_lky

ih ke_^mxs_c ko_f_.

Kh]eZkgh ihklmeZlm 5 fh^_eb, lhesbgZ kl_gdb \ k_q_gbb k h[tzfghc dhhj^bgZlhc

V kh\iZ^Z_l k lhesbghc kl_gdb \ k_q_gbb k lhc `_ h[tzfghc dhhj^bgZlhc ^ey

ibev]_jghc ]heh\db ^h ijhoh^Z dZeb[jh\, lh _klv

(23)

Imklv k_q_gb_ 1 k ijh^hevghc b h[tzfghc dhhj^bgZlZfb z b V b [ebadh_ d g_fm

k_q_gb_ 2 k ijh^hevghc b h[tzfghc dhhj^bgZlZfb z + dz b V + dV e_`Zl \ h[eZklb

zQ < z < zB. <g_rgbc b \gmlj_ggbc jZ^bmku ljm[u \ wlbo k_q_gbyo [m^_f h[hagZqZlv

khhl\_lkl\_ggh Rex1, Rin1, Rex2, Rin2. Hgb hij_^_eyxlky nhjfmeZfb

(24)

Nhjfmem ^ey Rex2 fh`gh k lhqghklvx ^h i_j\h]h ihjy^dZ ih dV i_j_ibkZlv \ \b^_

, (25)

]^_ .

H[tzf dV f_`^m k_q_gbyfb 1 b 2 fh`gh aZibkZlv dZd jZaghklv h[tzfh\ ^\mo

mk_qzgguo dhgmkh\, hkgh\Zgbyfb dhlhjuo y\eyxlky k_q_gby 1 b 2, Z [hdh\mx

ih\_joghklv h[jZamxl \g_rgyy b \gmlj_ggyy ih\_joghklb ljm[u khhl\_lkl\_ggh:

(26)

?( ).Q Qz z V 

( , ) ( , ).ex C cal CR z Z y z Z 

( )( , ) ( ).l

Ct V Z t V 

( )

1 1 1

( )

2 2 2

( , ), ( ),
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Ih^klZ\eyy \ ijZ\mx qZklv nhjfmeu (24) b (25) b jZkdeZ^u\Zy ihemq_ggh_

\ujZ`_gb_ \ jy^ ih dV k lhqghklvx ^h i_j\h]h ihjy^dZ, fu ijb\h^bf (26) d \b^m

3/�·dV = a + b·dV, ]^_ a b b \ujZ`Zxlky q_j_a b .

Ihemq_ggZy nhjfmeZ ij_^klZ\ey_l kh[hc mjZ\g_gb_, ba dhlhjh]h fh`gh \ujZablv

dV = a/(3/� – b). HimkdZy \k_ ijhf_`mlhqgu_ \udeZ^db, aZibr_f hdhgqZl_evgmx

nhjfmem:

. (27)

K ihfhsvx nhjfmeu (27) fu fh`_f ihkljhblv nmgdpbb z = z(V,ZC) b V = V(z,ZC),

k\yau\Zxsb_ f_`^m kh[hc ijh^hevgmx b h[tzfgmx dhhj^bgZlu k_q_gbc gZ mqZkld_

zQ < z < zB. >ey wlh]h \u^_ebf \ hlj_ad_ zQ < z < zB gZ[hj k_q_gbc zQ = z1< z2 < z3 < … <

< zN – 1 < zN = zB. GZ l_dms_f wlZi_ jZkqzlh\ h[tzfgZy dhhj^bgZlZ VQ k_q_gby Q gZf m`_

ba\_klgZ (hgZ hij_^_ey_lky ba mjZ\g_gby (20)). Ihevamykv nhjfmehc (27), fu fh`_f

ihemqblv kgZqZeZ h[tzfgmx dhhj^bgZlm V2 k_q_gby z2, aZl_f h[tzfgmx dhhj^bgZlm V3

k_q_gby z3, aZl_f h[tzfgmx dhhj^bgZlm V4 k_q_gby z4 b l. ^. LZdbf h[jZahf, fu

ihemqZ_f gZ[hj agZq_gbc Vi h[tzfghc dhhj^bgZlu \ k_q_gbyo zi, i = 1, 2, …, N.

Ihemqblv nmgdpbx V = V(z) beb z = z(V) fh`gh, ijbf_gyy ex[hc f_lh^ bgl_jiheypbb.

>Ze__ fh`gh ihemqblv lhesbgm kl_gdb ljm[u \ hlj_ad_ zQ < z < zB ih nhjfme_

, (28)

Z nhjfZ \gmlj_gg_c ih\_joghklb ljm[u hij_^_ey_lky nhjfmehc Rin(z,ZC) =

= Rex(z,ZC) – t(z,ZC).

VI. Ljm^ghklv ijbf_g_gby Ze]hjblfZ, hibkZggh]h \ imgdl_ V, khklhbl \ lhf, qlh

gZ ^Zgghf wlZi_ jZkqzlh\ ijh^hevgZy dhhj^bgZlZ k_q_gby B _sz g_ ba\_klgZ, ihwlhfm

ljm^gh \u[jZlv gZ[hj k_q_gbc zi. >ey lh]h qlh[u ijbf_gblv wlhl Ze]hjblf, gm`gh

kgZqZeZ hij_^_eblv ijh^hevgmx dhhj^bgZlm k_q_gby B.

J_r_gb_ khklhbl \ lhf, qlh[u \u[jZlv g_dhlhjmx «ij_^iheZ]Z_fmx» lhqdm B?

(e_`bl ^hklZlhqgh ^Ze_dh hl lhqdb Q) lZd, qlh[u fh`gh [ueh k m\_j_gghklvx kdZaZlv,

qlh bklbggZy lhqdZ B jZkiheh`_gZ e_\__ «ij_^iheZ]Z_fhc» lhqdb B?, zB < zB?. LZdbf

h[jZahf, ihevamykv ijb\_^zgguf \ wlhf imgdl_ Ze]hjblfhf, fu ihkljhbf

«ij_^iheZ]Z_fmx» nhjfm ibev]_jghc ]heh\db gZ mqZkld_ zQ < z < zB? , kqblZy, qlh

\kx^m gZ wlhf mqZkld_ ibev]_jgZy ]heh\dZ khijbdZkZ_lky k dZeb[jhf, gh g_

khijbdZkZ_lky k hijZ\dhc. «Ij_^iheZ]Z_fZy» nhjfZ ibev]_jghc ]heh\db, ihemq_ggZy

gZ hlj_ad_ zQ < z < zB? , kh\iZ^Z_l k bklbgghc nhjfhc ljm[u gZ hlj_ad_ zQ < z < zB.

1 1 2 2, , ,ex in ex inR R R Rc ( ) ( )ldt dV V

� �

2 2 2 2

1 1 2 2 1 1 2 2

( )

1 2

3
2 ( )

ex ex ex ex in in in ex

l
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R R R R R R R R
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dt
R R V
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«Ij_^iheZ]Z_fZy» nhjfZ ibev]_jghc ]heh\db gZ mqZkld_ zQ < z < zB? aZibku\Z_lky

\ \b^_ nmgdpbc Rex??(z,ZC) b Rin??(z,ZC). <ujZ`Zy ijh^hevgu_ dhhj^bgZlu k_q_gbc q_j_a

bo h[tzfgu_ dhhj^bgZlu, fh`gh hibkZlv «ij_^iheZ]Z_fmx» nhjfm ibev]_jghc

]heh\db lZd`_ \ \b^_ nmgdpbc Rex??(V,ZC) b Rin??(V,ZC).

L_i_jv ijh^hevgZy dhhj^bgZlZ k_q_gby B hij_^_ey_lky ke_^mxsbf h[jZahf.

Ijb g_dhlhjhf agZq_gbb h[tzfghc dhhj^bgZlu V \g_rgbc jZ^bmk ljm[u

kh\iZ^Z_l k \g_rgbf jZ^bmkhf ibev]_jghc ]heh\db ^h ijhoh^Z dZeb[jh\. Ba ihklmeZlZ

4 fh^_eb ke_^m_l, qlh bf_ggh wlh agZq_gb_ h[tzfghc dhhj^bgZlu V b hl\_qZ_l k_q_gbx

B. LZdbf h[jZahf, h[tzfgmx dhhj^bgZlm VB k_q_gby B fh`gh ihemqblv ba mjZ\g_gby

. (29)

Ijh^hevgZy dhhj^bgZlZ zB k_q_gby B hij_^_ey_lky k ihfhsvx nmgdpbb V(z) ^ey

«ij_^iheZ]Z_fhc» nhjfu ljm[u gZ hlj_ad_ zQ < z < zB? ba mjZ\g_gby V(zB) = VB.

VII. NhjfZ ljm[u \ h[eZklb z > zB kh\iZ^Z_l k nhjfhc ljm[u ijb djZcg_f e_\hf

iheh`_gbb dZeb[jh\, lh _klv, , ijb V > VB.

Nmgdpbb Rex(z,ZC), Rin(z,ZC) ijb z > zB fh`gh ihkljhblv ke_^mxsbf h[jZahf.

H[hagZqbf ijh^hevgmx dhhj^bgZlm k_q_gby k h[tzfghc dhhj^bgZlhc VB ijb

djZcg_f e_\hf iheh`_gbb dZeb[jh\ (i_j_^ ijyfuf oh^hf). GZclb fh`gh,

bkihevamy f_lh^bdb, hibkZggu_ \ur_. Ijb ^_nhjfZpbb h[eZklb ljm[u, ]^_ V < VB,

lhqdZ B i_j_f_klbeZkv ba dhhj^bgZlu \ dhhj^bgZlm zB. Hlkx^Z Z\lhfZlbq_kdb

ke_^m_l, qlh \ h[eZklb z > zB

(30)

<u\h^u

Ihkljh_gZ fZl_fZlbq_kdZy fh^_ev ^ey ijb[eb`zggh]h jZkqzlZ nhjfhbaf_g_gby

ibev]_jghc ]heh\db \ ijhp_kk_ ijhdZldb ljm[u gZ ibeb]jbfh\hf ijhdZlghf klZg_.

Hkgh\gZy b^_y fh^_eb khklhbl \ lhf, qlh ljm[Z jZa^_ey_lky gZ q_luj_ mqZkldZ, dhlhju_

ih-jZaghfm dhglZdlbjmxl k dZeb[jZfb b hijZ\dhc. NhjfZ ibev]_jghc ]heh\db gZ

dZ`^hf mqZkld_, Z lZd`_ iheh`_gby ]jZgbp f_`^m mqZkldZfb hij_^_eyxlky hl^_evgh

ih kljh]bf Ze]hjblfZf, dhlhju_ \u\h^ylky ba ihklmeZlh\ fh^_eb. D \Z`guf

hkh[_gghklyf fh^_eb fh`gh hlg_klb lh, qlh hgZ dhjj_dlgh hij_^_ey_l nhjfm

ibev]_jghc ]heh\db bkoh^y ba aZ^Zgguo ijhnbe_c dZeb[jh\ b hijZ\db, Z lZd`_ kljh]h

mqblu\Z_l g_k`bfZ_fhklv fZl_jbZeZ ljm[u.

( )
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Ij_^klZ\e_ggZy \ ^Zgghc klZlv_ fh^_ev y\ey_lky i_j\hc qZklvx djmigh]h

bkke_^h\Zgby, gZijZ\e_ggh]h gZ jZajZ[hldm f_lh^Z jZkqzlZ hilbfZevghc dZeb[jh\db,

h[_ki_qb\Zxs_c \ukhdh_ dZq_kl\h ]hlh\uo ljm[. Ihfbfh jZkqzlh\ nhjfu

ibeb]jbfh\hc ]heh\db, f_lh^ [m^_l \dexqZlv lZd`_ \uqbke_gb_ gZijy`zggh-

^_nhjfbjh\Zggh]h khklhygby b kl_i_gb ih\j_`^_gby ljm[u k ihfhsvx ijb[eb`zgghc

ihemZgZeblbq_kdhc fh^_eb, ijb]h^ghc ^ey fgh]hdjZlguo qbke_gguo wdki_jbf_glh\, b

k ihfhsvx \j_fyaZljZlgh]h, gh lhqgh]h f_lh^Z dhg_qguo we_f_glh\. Wlb aZ^Zqb [m^ml

hk\_s_gu \ ke_^mxsbo jZ[hlZo.

Ijbeh`_gb_ – h[sZy h]b[ZxsZy k_f_ckl\Z djb\uo

Imklv gZ iehkdhklb Oxy aZ^Zgh k_f_ckl\h djb\uo y = ua(x), dhlhju_ jZaebqZxlky

agZq_gb_f iZjZf_ljZ a, ijh[_]Zxs_]h g_ij_ju\guc jy^ agZq_gbc hl amin ^h amax.

Lj_[m_lky ihkljhblv djb\mx y = v(x), dhlhjZy [m^_l h[s_c h]b[Zxs_c ^ey \k_]h

k_f_ckl\Z djb\uo y = ua(x).

H[hagZqbf X(a) agZq_gb_ dhhj^bgZlu x, \ dhlhjhc djb\Zy y = v(x) dZkZ_lky djb\hc

y = ua(x). Wlh agZqbl, qlh \uihegyxlky jZ\_gkl\Z

(1a)

(2a)

JZkkfhljbf \ujZ`_gb_ , ]^_ da – fZeh_ ijbjZs_gb_

iZjZf_ljZ a. Bkihevamy jZ\_gkl\Z (1a) b (2a), fh`gh ihemqblv, k h^ghc klhjhgu,

(3a)

Z k ^jm]hc klhjhgu,

(4a)

IjbjZ\gb\Zy (3Z) b (4Z) b khdjZsZy da, ihemqZ_f ijhklh_ jZ\_gkl\h:

(5a)
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JZ\_gkl\h (5a) – wlh mjZ\g_gb_, ba dhlhjh]h fh`gh ihemqblv nmgdpbx X(a). Ihke_

wlh]h h[sZy h]b[ZxsZy hij_^_ey_lky k ihfhsvx i_j\h]h mjZ\g_gby (1a).
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